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Brief review

The Hotelling observer:

Optimal linear discriminant

Equivalent to ideal observer for Gaussian data

Requires knowledge of data mean and covariance

Inversion of a large covariance matrix (usually) required

Given by:
tHot(g) = wTg,

for an appropriate “template” vector w

Maximizes:

SNR =
〈tHot(g)〉g|S+ − 〈tHot(g)〉g|S−√

1
2
σ2

tHot(g)|S+
+ 1

2
σ2

tHot(g)|S−
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Brief review

Noise-free image when the signal is absent: g0 = 〈g〉S−
Noise-free image when the signal is present: g1 = 〈g〉S+

Then the signal (ex: a planet) is s = g1 − g0

Let Kg be the covariance matrix of the data:

Kg = Pr(S−)Kg|S− + Pr(S+)Kg|S−

The template is:
w = K−1

g s
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Application to AO

For the case of AO images:

G = (g(1), . . . ,g(J )): sequence of noisy random images

P = (p(1), . . . ,p(J )): sequence of random residual PSF’s

F = (f (1), . . . , f (J )): random and time-dependent objects

Assume f (1) = · · · = f (J ) = f (constant unknown object)

f can either be fS− (signal absent) or fS+ (signal present)

Two sources of randomness:

Residual random PSF
Measurement noise: Poisson noise, readout noise
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Application to AO

If we want to use the Hotelling observer in AO, we need
to find the mean image sequences under both hypotheses
and the mean data covariance matrix

For the mean image sequence given fi (i = S− or
i = S+):

Gi =
〈〈

G
〉

G|P,fi

〉
P|fi

Likewise:

KG|i =

〈〈 [
G−Gi

] [
G−Gi

]T
〉

G|P,fi

〉
P|fi

Dim signal: KG|S− ≈ KG|S+ ≈ KG

It can be proved that:

KG = K
noise

G + KPSF
G
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Application to AO

Gi estimated from simulated data

Generate L realizations of AO-corrected system function[
Gi

](j )

m
=

∫
R2

h(j )
m (x , y)fi(x , y) dx dy ,

where:

h(j )
m (x , y) =

1

L

L∑
`=1

h
(j )
`,m(x , y)
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Application to AO

KPSF
G

estimated from simulated data:

[
KPSF

G

](j ,j ′)

m,m′
=

1

L− 1

L∑
`=1

∆h
(j )
`,m(x , y) ∆h

(j ′)
`,m′(x , y),

where:

∆h
(j )
`,m(x , y) = h

(j )
`,m(x , y)− 1

L

L∑
`′=1

h
(j )
`′,m(x , y)

Formally:

W = K−1
G

[
GS+ −GS−

]
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Application to AO

The big problem:

W =

KG


−1

[
GS+ −GS−

]

For example, if images are 64× 64 (M = 642 pixels) and
there are J = 25 of them in each sequence, then KG is
102400× 102400

Storing KG as double-valued matrix requires about
39 GB of memory!

And you still need to invert it. . .
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Computational methods

Matrix-inversion lemma:

[N + RRT]
−1

=

= N−1 −N−1R[In + RTN−1R]
−1

RTN−1

Recall: KG = K
noise

G + KPSF
G

KPSF
G

estimated from L sample sequences

KPSF
G

= RRT where R is MJ × L

Substituting:

K−1
G =

[
K

noise

G

]−1

+
[
K

noise

G

]−1

RQ−1RT
[
K

noise

G

]−1

for Q = IL + RT
[
K

noise

G

]−1

R

Q is L× L and L does not have to be large
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Computational methods

Signal present (S+)
Signal absent (S−)
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Results
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Results
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